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1. Introduction 

 

More than 60 years ago, H. B. G. Casimir [1] , and Casimir and D. Polder [2] explained 

the retarded van der Waals force in terms of the zero-point energy of a quantized field. 

Both the static and dynamic Casimir effects are discussed in several large reviews [3-7]. 

This work is concerned with the dynamic Casimir effect, which involves the interaction 

between moving mirrors and the ground state (“vacuum state’) of the electromagnetic field. 

In particular, following Maclay and Forward, [8], we are motivated by its potential to 

provide a propulsive mechanism.  

 

When estimating the magnitude of the force that could be generated, Maclay and Forward 

assumed that the amplitude of high frequency motion of an actual mirror need be in the 

nanometer range due to the finite strength of materials. This restriction limits the possible 

propulsive force to very small values. However, this author observes that motion of a single 

reflective surface is not essential: that the Casimir effect is due to the motion of the 

boundary conditions constraining the free field in its ground state. The advent of 

amorphous oxide, transparent semiconductors used for thin film applications [9-14] 

suggests the possibility of achieving large motions of reflective surfaces without 

mechanically moving parts. We propose the use of an epitaxial assembly of semiconductor 

laminae, illustrated in Figure 1. Without the application of voltage, each lamina is a 

partially transparent dielectric; but when supplied by voltage it becomes a reflecting 

conductor serving as a mirror. Voltage inputs can be switched among the laminae at high 

speed, effectively moving the mirror at high velocities and accelerations without the use of 

moving parts. Thus motions of the reflective surface that have both high frequencies and 

large amplitudes can be produced.  

 

In a thorough treatment of the pressure on moving mirrors due to the Casimir effect, Neto 

and his colleagues, [7], took a perturbative approach consistent with the assumption that 

the mirror motion be constrained to very small amplitudes. The objectives of this paper are 

to extend the analysis to large motions and the epitaxial approach described above; to 

obtain explicit expressions for the forces produced by a particular trajectory of motion; and 

to estimate the numerical values of these forces. 

 

We assume that: the laminae are sufficiently closely spaced and their energizing process is 

long enough that the reflective surface motion can be treated as continuous. (See Appendix 

A). Not activated, they are transparent; otherwise they are perfectly reflecting. 
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Figure 1: Epitaxial stack of semiconductor lamina 

 

 

2. Fundamental Development 

 
We follow the notational conventions of [15]. Also, we adopt the continuous Fock space 

approach to quantizing the electromagnetic field [16]. The electric field operator in empty 

space and in the absence of boundaries is given by: 
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where 0 is the vacuum dielectric constant. Quantities in bold type are 3-vectors, and a 

carrot over the symbol indicates a quantum operator. “h.c.” stands for “Hermitian 

conjugate”. k is the continuous wave number vector and  is the angular frequency, where 

  ,  ck k  k k .  , , 1,2s s ε k  are the polarization vectors obeying the 

orthonormality conditions: 
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The terms  ˆ ,a sk , and  †ˆ ,a sk  are the annihilation and creation operators for photons 

of wave vector k , and polarization s . These obey the commutation relations: 
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Equations (1) describe the free electromagnetic field, and we assume that this is the 

condition of the field at the initial instant 0t  . Note that the quantized fields are coupled 

by the same Maxwell Equations as the classical fields from which they came, i.e.: 
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Since the time dependence of all terms in (1) is 
i te  , one can substitute (1) into (4.a) and 

integrate with respect to time to obtain: 
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Since the only spatial dependence in the free field is 
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k ε k . Thus, in the free field, the magnetic field operator is: 
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We view the problem in the Heisenberg picture in which the initial state is fixed and it is 

the operators that evolve in time. It is assumed that the field is initially (at time 0t  ) in the 

free-field state; thus (1) and (6) give the initial values of the electric and magnetic field 

operators. The operators then evolve according to the Heisenberg equations of motion. 

However, these are equivalent to the Maxwell operator equations, (4), (see [15], Art. 

10.4.5).  

 

As (1) indicates, to determine the electric field operator beyond 0t  , we need only 

consider the time evolution of the operator      ˆ , ,
i t

a s s e
k r

k ε k . Hence beyond 0t  , 

(1) becomes: 
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where  , , ,s t k x is the frequency of the field  , ,s tkΦ r .  , ,s tkΦ r  is a vector-valued 

function satisfying the wave equation derived from (4), all boundary conditions for 0t  , 

and the initial condition      
, , 0 ,
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To characterize the evolution of the magnetic field operator, we substitute (7) into (4.a) and 

integrate over time to obtain: 
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The momentum of the quantized field is the object of our particular attention. This is the 

spatial integral of the symmetrized Poynting vector: 
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Using (7) and (8) in (9), we get: 
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(10) 

Expanding this quantity and using the commutation relations, (3), produces: 
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where use has been made of the commutation relation (3.a). Noting that the initial state is 

assumed to be the vacuum state (zero temperature), and     †ˆ ˆ 0a k vac vac a k   the 

average momentum of the field is given by ˆ ˆvac vacP P . Substituting (11), we get: 
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The boundary conditions considered here are such that no evanescent waves exist and the 

evolving field is a combination of plane waves. Under these conditions: 

          , , , ,

1
, , , , , , ,

t

s s s ss t t d t t
i

       k k k kk r Φ r Φ r Φ r Φ r               (13) 

Hence, (13) becomes: 
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where the  , ,s tkΦ r  must satisfy:  
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Regarding boundary conditions, we assume a time-varying, partially reflective surface,, 

with unit normal    ˆ , ,t tn r r , and reflection coefficient  R k . Let     and t t    

denote infinitesimally thick, open neighborhoods of   in the directions such that 

 ˆ , 0t n r k  and  ˆ , 0t n r k , respectively. Then we adopt the simple model: 
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(16.a,b) 

 

where the  + or - superscript denotes the components approaching or receding from the 

boundary, respectively. 

 

Before closing this section, we remark that, as a minimum, a model of   R k  should 

capture the fact that any conductive material is transparent to radiation that has frequencies 

above the plasma frequency, p . Following the Drude-Sommerfeld model [17-19], the 

upper limit of the wavenumber might be some fraction of: 
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where m is the effective mass of the charge carriers, e is the elementary charge, and en is 

the volumetric number density of the charge carriers. p  may be typically 1410 Hz , and 

the value for metals can be a hundred or even a thousand-fold larger. In what follows, we 

adopt the simple model: 

   expR k k k                                                   (18) 

 

where 1   is a discount factor. (18) is essentially a formal regularization since we ignore 

the details of the dielectric function of the materials: the effects of absorption, and the 

semiconductor design and parameters.  
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3. Average Momentum at Zero Temperature for a Planar Surface: 1-D Formulae 

 

Define a coordinate system,  , ,x y z , with unit base orthogonal base vectors  ˆ ˆ ˆx,y,z . 

Consider the case in which surface  t  is a section of a plane having area A and parallel 

to the x-y axis, as illustrated in Figure 2. Its motion is along the z axis with z-coordinate 

 q t , where   ,q t Z Z     . Assuming Z A , the electric field propagation 

direction is mainly along the z-axis, so that ˆk k z . Also, assume the two polarization  

 

 
Figure 2: Geometry of the motion of the conductive surface 

 

 

vectors are x̂ , and ŷ . We get a one-dimensional formulation by omitting from (14) the 

integrations over the x and y components of the position vector and the wave number 
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x

y

z

 t

2Z
A 



 7 

           

           

           

           

2

2

1 , ,

, , 0

1 , ,

, , 0

k k

k k

k k

k k

R k z q t t z q t t

R k z q t t z q t t

R k z q t t z q t t

R k z q t t z q t t

  

  

  

 

  

 

     

    

     

    

               (20.a,b) 

 

 

First Example 

 

Suppose that the surface  ,x y is created (turned on) at location z Z at time t, then 

travels in the negative z direction at speed V , until it reaches z Z  at which point it is 
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Substitution into (22.a) shows that this region contributes nothing to the average 

momentum. 
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  

  

               (23) 

Then, the discontinuity conditions, (20) show that: 

   
2

, , 1
c V

k k a R k b R k
c V




    


                             (24.a-c) 

In summary,  1, ,k z t  is given by: 

     

 

  

       

    

  

1, 2

exp ,

exp exp ,

,
1 exp ,

exp ,

k

ik z ct z Z ct

ik z ct R k ik z ct Z ct z Z Vt

z t
R k ik z ct Z ct z Z Vt

ik z ct z Z ct

c V
k k

c V







   


       


  
     


  






    (25.a,b) 
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In similar manner,  1, ,k z t  is found to be: 

      

 

  

       

    

  

2

exp ,

exp exp ,

,
1 exp ,

exp ,

k

ik z ct z Z ct

ik z ct R k ik z ct Z ct z Z Vt

z t
R k ik z ct Z ct z Z Vt

ik z ct z Z ct

c V
k k

c V







    


       


  
      


   






    (26.a,b) 

Note that the portions of  1, ,k z t and  1, ,k z t located in z Z ct  make 

contributions to the z-integral of  (19.a) of equal and opposite sign, and therefore can be 

ignored. Then the term in braces in (19.a) becomes (Appendix B): 

 

       

 

1

1

2

, , , ,    

2 2
      8 4 cos cos 2

1 1

k k k k

I

z t z t z t z t dz
z z

k k
i k R k Vt i R Z Z kct

   



 

 
 




  
    

  

    
       

     

   

(27) 

where  denotes the ratio V c . Then (19.a) becomes: 

 

                      

 
 

2
1
24 0

2 2ˆ ˆ cos cos 2
1 12

I

h k k
dk k R k Vt R Z Z kct

 

      
         

       
P z

               (28)  

 

Note that the second term in the integrand of (28) arises from cross products of waves 

traveling in opposite directions. Its magnitude compared with the first term is of order 

Z  . Since we are concerned with motions of the conductive surface that are much 

larger than any effective wavelength, this term will be neglected. 
 

If we employ the model (18) and perform the integrations: 

                                                       
 

 
2

1
2 4

ˆ ˆ
2

h
k V t


 P z                                           (29) 

Once the surface  ,x y is turned off at location z Z  , the boundary conditions no 

longer disturb the field and no further change in the field momentum occurs.  

 

One could create a periodic disturbance by repeating the surface displacement waveform, 

(21). However if this is done immediately at 2t Z V , there will be interaction between 

the newly created waves and the reverberant wave still crossing the segment ,z Z Z    
. 

Such interaction ceases if one waits for time 2Z c to begin the new cycle. The momentum 

increment will then be the same for each cycle. Figure 3-a shows the cyclic surface position 

waveform so produced. By momentum conservation, the force on the mirror device is the 

negative derivative of the momentum change (34). This is illustrated in Figure 3-b. Note the 

positive direction of the force. 
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Figure 3: (a) Cyclic waveform of the reflective surface position; (b) Force on the momentum exchange device. 

 

 

4. First Example Above Generalized to Three Dimensions 

 

Suppose that the surface  ,x y , and its motion are as defined in the first example 

above, but that we now consider the fully three dimensional case and evaluate the field 

momentum produced by the moving mirror directly from (18) to (20). Assuming that edge 

effects are negligible the integrations along the x, and y axes produce the factor A. In the 

wavenumber space, we adopt spherical coordinates  , ,k   , where   is the co-elevation, 

and    is the azimuth. Then (18) becomes: 

 

 
         

2
2

, , , ,3 0 0
1

ˆ sin , , , ,
2 2

s s s s

s

ihA
dz d dk k t t t t



 



 



      
    k k k kP Φ r Φ r Φ r Φ r  

(35) 

where the integration over   has been performed. 

Now, the electric fields,  , ,s tkΦ r , are plane waves. Let  , , tk k r  denote the wave vector 

of the wave that was initially ie k r , evaluated at space-time point  , tr . Then: 

 

           

   

, , , ,

2

,

, , , , , ,

                                          , , ,

s s s s

s

t t i t t t

i t t

      

 

k k k k

k

Φ r Φ r Φ r k k r Φ r

k k r Φ r
            (36)     

Making substitutions into (35), and averaging over the polarization state, we obtain: 

 
   

22

3 0

2ˆ ˆ sin , , ,
2

hA
dz d dk k t t



 


    kP z k k r r                   (37) 

Z

Z

t 

ˆd

dt
 P

t 

2Z V 2Z c (a) 

(b) 
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where  , tk r  is the scalar phase factor of the associated plane wave. 

 

Now, we determine the evolution of the fields corresponding to each single free-field mode. 

Let ̂  be a unit vector normal to the z axis along any particular azimuth direction and let 

 be the corresponding coordinate. Consider first the free field mode whose wave vector is 

 ˆ ˆsin cos , cos 0     k χ z . This is the free field plane wave heading in the positive 

z direction. The portion of the field incident upon the mirror and reflected from it can be 

expressed as: 

    
   

         

exp sin cos

,
exp

R R R

z

ik z Z ct

t R k
r i k k z Z k ct

  


  

    
  
 
       

k r                (38) 

 

Here 
   

, and 
R R

zk k

 
 are the wave vector components of the reflected wave due to the 

rightward going plane wave. At z Z Vt    the above expression in brackets must be 

zero, thus: 

 

            exp sin cos exp
R R R

zik V c t r i k k V k c t   
  

            (39) 

 

From this it follows that: 

 

      

1

sin

cos

R

R R

z

r

k k

k V c k V k c

 





 

 

 

   

                           (40.a-c) 

 

Substituting 
 R

k


 from (40.b) into (40.c), and solving for 

 R

zk


, we find that the reflected 

wave has the wave vector: 

 
        
 

   

2

2

2

2

ˆ ˆsin cos

1 2 cos

1

2 1 cos
cos

1 2 cos

R R R R

R

R

k

k k

 

  



  


  

   





  

 




 


 

k χ z

                           (41.a-c) 

 

Furthermore, the transmitted wave is simply  
  2 sin cos

1 e
ik z Z ct

R k
     

  with wave 

vector ˆ ˆsin cos   k χ z . Results pertaining to the free field wave vector 

 ˆ ˆsin cos , cos 0     k χ z  can be obtained in the same manner. 
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It is noteworthy that in writing the field as a set of traveling waves, as in (38), we 

implicitly assume the constancy of the speed of light. Hence, when boundary conditions 

(39) are imposed we arrive at relativisticly correct results [20]. This might be considered 

an algebraic version of the simple geometric argument in [21].  
 

As in the discussion under (28), each wave that evolves from an initial plane wave with a 

specific wave number consists, after the passage of time, of component waves traveling in 

different directions. As in the one-dimensional case, the cross products that occur among 

these components contribute terms of order Z in comparison with the dominant 

terms and can be neglected.  We denote the components of  , tk r  traveling in the 

positive and negative z direction by 
   ,k z t


 and 
   ,k z t


  , respectively.  

 

Now, we can write the wave vector – scalar field products (ignoring cross-products) resulting 

from the free field plane waves traveling in the positive z direction as follows: 

 

     
 

    
                

                

     
 

2

2

2 2

2 2

2

cos , cos
ˆ ,

cos 1 , cos

ˆ , cos , cos

ˆ , cos , cos

cos , cos
ˆ ,

cos

k

R R R R

k

R R R R

k

k

k ct z Z Vt

z t
k R k ct z Z Vt

z t k R k ct z Z Vt

z t k R k ct z Z Vt

k ct z Z Vt

z t
k

 


 

  

  

 




    

    







     


   
    

       

       

     

  


k z

k z

k z

k z
    2

1 , cosR k ct z Z Vt 





     

 (42.a-c) 

where: 

 

   

2

2

2

2

1 2 cos

1

2 1 cos
cos

1 2 cos

R

R

k k
  



  


  





 




  


 

                                  (43.a,b) 

Using (42), the integral over z  in (37) is: 
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    

   

                 

     

 

    

2

2

2

2

2
2 2

2 2

2 2 2 2 2

, , ,

            2 cos

               cos cos cos cos

2 1 cos

2 1 cos 1 2 cos
            2 cos

1 (1 ) 4 cos

R R R R R R

t t dz

k R k Vt

ct R k k k

ctk
k R k Vt R k



     

 

     


   

     



 

     
 



     
    
    
 



 k
k k r r

    

 
 

2
2 2

2 2 2 2

2 2
2

2 2 2 2 2

2 1 cos 1 2 cos

(1 ) 4 cos

(1 ) 1 cos1
            4 cos 1

1 (1 ) 4 cos
k R k Vt

     

  

 


   

 
 
 
 
 
 
 
 
 
 
     
  
    
  

   
          

(44) 

Substituting into (37) gives: 

 

 

 

 
 

 

 
 

2 2
2 23

3 2 2 2 2 20

2 2
1 23

3 2 2 2 2 20

(1 ) 1 cos2 1ˆ ˆ sin cos 1
1 (1 ) 4 cos

12 (1 )
ˆ        1

1 (1 ) 4

hA
Vt d dk k R k

uhA
Vt du dk k R k

u

  
  

   



  

    
             

   
            

 

 

P z

z

 

(45) 

The integral over u can be evaluated as: 

 
22 1 41 2 (1 )2 2 2

1

2 2 2 2 2 20

1(1 ) 1 1
1 ln

11 (1 ) 4 1

u
du

u

 
  

   

         
       

             
     (46) 

And the integral over k is: 

   
423

0

3
8

dk k R k k


                                                (47) 

Substituting these results into (45), we have, in summary: 

 

 
 

22
4

1 41 2 (1 ) 2

3 2

6 1 1ˆ ˆ ln
1 12

hA
Vt

k    

 

                    

P z                  (48) 

As in the one dimensional case, we can construct a periodic waveform as in Figure 3.a such 

that the field accumulates the same increment of momentum during each cycle. Since the 

full range of wave vectors are included, the “off” intervals in each cycle must be somewhat 
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longer than 2Z c , however the position wave form and the force time history is still 

similar to those shown in Figures 3-a and 3-b. AssumingV c , the period of the cyclic 

motion is approximately 2Z V , and it follows from (47) that the time averaged force per 

unit area on the momentum exchange device is: 

 

   
22 1 41 2 (1 ) 2 4

2

3 2

3 1 1
ˆ ln

12 1
oh Z N mk

 
 

 
 

                   

F z       (49) 

where 2o V Z  is the fundamental frequency of the motion. This is very similar to what 

would be produced in the one-dimensional case, except for the additional factor of  
2

k . 

 

To appreciate the magnitude of the force per unit area, let us, somewhat arbitrarily, assign 

plausible values to the various parameters, with   set to unity. Suppose the plasma 

frequency is in the range 1410 Hz  to 1610 Hz , and that the total range of motion is one 

meter, so that 0.5Z m (instead of one nanometer). Also the fundamental frequency is 

limited by the relaxation time of the conduction band charge carriers, so let us choose the 

moderate rate of just 10 MHz. With these values,   is small and the integral given by (45)  

 
Figure 4: Force per unit area as a function of plasma frequency 

 

 

is 3/2. Then the force per unit area is shown in Figure 4. This illustrates the considerable 

sensitivity to the plasma frequency and, hence, to the volumetric charge carrier density. 

However in the mid-to-upper range of frequencies, the force magnitude is quite significant, 

and consistent with [8] if scaled up so that the range of motion is a meter rather than a 

nanometer. 
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5. Concluding Remarks 

 

This paper re-examines the dynamic Casimir effect as a possible mechanism for propulsion. 

Previous investigations assumed mechanical motion of a mirror to generate thrust. In this 

case, because of the finite strength of materials and the high frequencies necessary, the 

amplitudes of motion must be restricted to the nanometer range. Here, we propose an 

epitaxial stack of transparent semiconductor laminae, where voltage is rapidly switched to 

successive laminae, thereby creating continuous motion of a front of charge carrier density. 

The result is the creation of a rapidly moving, large amplitude, reflective surface without 

the use of mechanical motion. Since previous analysis of the propulsive effect was restricted 

to motions much smaller than the wavelengths of importance, we are compelled to derive 

correct relativistic expressions appropriate for large amplitude motions. This was 

accomplished for only a single, but apparently effective, motion time history at zero 

temperature. However, for motions of the reflective surface that are much larger than the 

wavelength range of significance, the approach taken here yields an eikonal approximation 

that may simplify calculations in more complicated cases. Another restriction is that 

detailed dielectric function models were not used; rather the reflectivity was based on a 

simple Drude-Sommerfeld model. Moreover, as for previous workers the treatment is 

semi-quantum in that the epitaxial stack is modeled as a set of prescribed boundary 

conditions on the field operators.  

 

Despite these restrictions, if reasonable charge carrier volumetric densities are assumed, 

the propulsive forces may be quite significant. The assumption of finite temperature and 

surface velocities that are a significant fraction of the light speed will only increase the 

magnitude of our estimates. 
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a desired level of reflectance. Thus, although the laminas are discrete, their sequential 

stimulus at the proper rate yields the effect of a continuously moving mirror. 

As an illustration, suppose that the charge carrier density,  e t , in response to a voltage 

pulse has a simple linear rise and fall, as in: 

  max

,

2 ,2

0, 2

R R

e R R R

R

t t

h t t t

t

 

   






   
 

                                  (A-1) 

where 
R  is the finite rise time and  h t  is the impulse response of the lamina’s carrier 

density, 
e  . Suppose each successive lamina is stimulated at a sub-multiple of the rise 

time. Figure A-1 illustrates the resulting motion of the carrier density profile. An 

incoming plane wave suffers a cumulative reflection in proportion to the total carrier 

population per unit area along its path. In the example of the figure, the total areal 

population corresponding to some reflection coefficient,  R k , is suggested by the gray-  

 
Figure A-1: Temporal progression of carrier density as the laminas are successively pulsed. The blue-shaded 

boundary indicates the continuous motion of the front having a particular value of reflectance. 

1 2 3 4 5 7 6 

1 2 3 4 5 7 6 

1 2 3 4 5 7 6 

Lamina Number 

e
1
3 Rt 

2
3 Rt 

Rt 

 
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shaded areas. In general, the position of the “front” along which the total reflectance 

reaches some value is seen to move continuously in the direction of, and with the 

approximate speed of, the carrier density profile. This is illustrated by the blue-shaded 

boundary in the Figure. Besides the smooth progression, there may be higher frequency 

components, but these could be minimized by designing a suitable charge carrier gradient 

for each lamina.  

 

To assess the achievable front speeds, consider the example of Figure A-1 where the time 

between inputs to successive laminas is a third of the rise time. Then the average speed of 

the reflective surface is ~ 3 R  where   is the lamina thickness. Taking a typical rise 

time of 910 s and a lamina thickness of a millimeter, we get a reflective surface speed of 
3~ 3 10 m s , i.e., 0.1  . This could be significantly improved by advanced high-

speed switching technology. 
 

Appendix B 

 

Here we evaluate the integral appearing in (27). First we substitute expressions (25) and 

(26): 
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(B-1.a,b) 

 

In the second equality above, the derivatives with respect to z are evaluated. Next the 

various products are expanded out: 
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Performing the integrations, we obtain: 

 

   

             

          

1

1

, ,    

1 1
      exp + exp

1 1
      + exp + exp

k k

Z Vt Z Vt

Z ct Z ct

Z ct

Z Vt

z t z t dz
z

k R k ik z ct ik z ct kR k ik z ct ik z ct
k k k k

k R k ik z ct ik z ct kR k ik z ct i
k k k k

 


 





 



  

  





 

 

 
  

 

   
            

    

 
        

  

 

  

                   
2 2 2 2

      + 1 1

Z ct

Z Vt

k z ct

ik R k c V t ik R k c V t ik R k c V t ik R k c V t ik c V t ik c V t







 

 
 

 

            

 

(B-3) 

Next evaluate the limits in the first four terms and add up the remaining terms: 
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(B-4) 

Now substitute    k c V c V    , and    k c V c V     to obtain: 
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The full expression for        
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the real part to obtain the desired result, equation (27): 
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